Abstract. We give a short proof of the duality theorem for the reduced Lpcohomology of a complete oriented Riemannian manifold.
Let (M, g) be a Riemannian manifold. For any 1 ≤ p < ∞ we denote by L p (M, Λ k ) the space of p-integrable differential forms on M . An element of that space is a measurable differential k-forms ω such that
this is the set of weakly closed forms in
We also denote by
The reduced L p -cohomology of (M, g) (where 1 ≤ p < ∞) is defined to be the quotient
This is a Banach space and the goal of this paper is to prove the following Duality Theorem. Let (M, g) be a complete oriented Riemannian manifold of dimension n and 1 < p < ∞. Then H k p (M ) and H n−k p ′ (M ) are dual to each other. The duality is given by the integration pairing:
Remark The result has been obtained in 1986 by V. M. Gol'dshtein, V.I. Kuz'minov and I.A.Shvedov, see [4] . In fact that paper also describes the dual space to the L p -cohomology of non complete manifolds. The proof we present here is simpler and more direct than the proof in [4] , although it doesn't seem to be extendable to the non complete case. Note that this duality theorem is useful to prove vanishing or non vanishing results in L p -cohomology, see e.g. [7, 8, 5] . Let us also mention that Gromov deduced the above theorem from the simplicial version of the L p -cohomology, see [7] . Gromov's argument works only for Riemannian manifolds with bounded geometry, while the proof we give here works for any complete manifold. Our proof can also be extended to the more general L q,p -cohomology, see [6] .
The proof will rest on a few auxiliary facts. We will first need a description of the dual space to L p (M, Λ k ), see [4] :
is continuous and non degenerate.
We will also need the following density result whose proof is based on regularization methods, see e.g. [3, 5] :
The next lemma is the place where the completeness hypothesis enters. 
Definition 4.
A duality between two reflexive Banach spaces X 0 ,X 1 is a non degenerate continuous bilinear map I : X 0 × X 1 → R. A duality naturally induces an isomorphism between X 1 and the dual of X 0 . Given such a duality and a nonempty subset B of X 0 , we define the annihilator B ⊥ ⊂ X 1 of B to be the set of all elements η ∈ X 1 such that I(ξ, η) = 0 for all ξ ∈ B.
Recall few main properties of annihilators. For any B ⊂ X 0 the annihilator B ⊥ is a closed linear subspace of X 1 . The Hahn-Banach theorem implies that if B is a linear subspace of X 0 then (B ⊥ ) ⊥ = B. For these and further facts on the notion of annihilator, we refer to the book [1] or [2] .
The proof of the duality Theorem is based on the following lemma about annihilators: 
